We investigate ultrashort laser pulse filamentation within the framework of spontaneous X Wave formation. After a brief overview of the filamentation process we study the case of an intense filament co-propagating with a weaker seed pulse. The filament is shown to induce strong Cross-Phase-Modulation (XPM) effects on the weak seed pulse: driven by the pump, the seed pulse undergoes pulse splitting with the daughter pulses slaved to their pump counterparts. They undergo strong spatio-temporal reshaping and are transformed into X Waves traveling at the same group velocities as the pump split-off pulses. In the presence of a gain mechanism such as Four-Wave-Mixing or Stimulated Raman Scattering, energy is then transferred from the pump filament leading to amplification of the seed X Wave and formation of a temporally compressed intensity peak. 
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Introduction
Ultrashort laser pulse filamentation is an extremely rich branch of nonlinear optics that has been attracting interest for many years now [1] due to both the fundamental physical implications and the potential applications ranging from spectral superbroadening [2] and remote sensing [3] , lightning protection [4] and, more recently, frequency conversion [5, 6, 7] . It has also been shown that the filament dynamics in condensed media with normal group velocity dispersion (GVD) may be understood in terms of spontaneous formation and successive interaction of nonlinear X-waves [8, 9] . X Waves, or more generically, conical waves, are particular solutions of the propagation equation with the notable feature of being stationary, i.e. non-dispersive and non-diffractive, in both the linear (low intensity) [10] and nonlinear (high intensity) [11] regimes. Therefore, ultrashort laser pulse filamentation may be viewed as a highly dynamical interaction between spontaneously generated conical waves, where an asymptotically linear, stationary state serves as an attractor providing the driving force for the pulse evolution. Within this framework, the initial filamentation stage is dominated by self-focusing and in particular by a self-similar collapse of the Townes profile [12] . The collapse process will eventually be arrested typically by nonlinear losses (NLL) [13, 14, 15] or by self-induced plasma defocusing [1] , depending on the specific material and operating conditions. It is known that the Townes profile is a stationary yet unstable solution to the nonlinear Schrödinger propagation equation and, indeed, close to the tightest focus point the peak intensities reached by the pulse are such that they excite and amplify strong spatio-temporal instabilities [16] . It has been shown that the angular spectra of the corresponding unstable modes will evolve into X-shaped spectra [16] . Propagation immediately after the nonlinear focus may then be described in different manners, for example based on the numerical solution of the nonlinear propagation equation [8] , in terms of a parametric generation and amplification of X Waves [9] or by describing the nonlinear X Wave dynamics in terms of a 1D NLSE with a non-uniform nonlinearity profile [17] . All these approaches agree on the fact that the nonlinear dynamics are dominated by a pulse splitting event, i.e. a generation of two daughter X Waves that travel with opposite group velocities (in the reference frame moving at the input gaussian pulse group velocity). In the far-field spectra clear X-shaped spectra that are well described in terms of stationary X Wave spectra are formed and remain largely unvaried during further propagation, thus suggesting that the newly formed nonlinear X-waves have the same spectral signature as that of stationary X-waves. For high enough energies these two X Waves will continue to interact nonlinearly leading to a dynamical replenishment of the central peak and eventually to a new splitting event [8] . This dynamical process may occur cyclicly and has even been interpreted in terms of a "breathing X Wave", in close analogy with breathing solitons [17] . In the last stage of the filament the overlap between the conical components of the X Waves will be strongly reduced, the peak intensity will start to decrease and diffraction will set in, in a very similar fashion to what is observed with linear Bessel Beams approaching the end of the so-called Bessel zone.
We underline that the description of ultrashort laser pulse filamentation in terms of X Wave formation goes beyond the over-simplified idea that single, stationary, X Waves are formed and is based on the observation that, due to the extremely high intensities involved, the X Waves continuously interact within the filament leading to a highly dynamical propagation. This is not in contradiction with the interpretation of the physics in terms of a basis of stationary states and indeed the filamentation process finds an accurate description in terms of X Wave formation and interaction as shown in literature and in the present work. The above described dynamics typically do not involve the whole input pulse but the only a small portion of the overall energy corresponding to the higher intensity regions while the weaker outer regions of the pulse will continue to propagate in a linear fashion. This immediately implies that a direct spatio-temporal characterization of the near-field reveals complicated interference patterns between the two regions [37] and to date, a clear space-time measurement of the X Waves contained within the filament is still lacking. However we note that the tightly focused X Wave features in the near-field become extended, extremely visible and backgroundfree features in the Fourier domain. This is the key feature of the characterization method used in this work and described in detail below.
Optical filaments also exhibit certain features that render them very attractive for efficient frequency conversion, opening the possibility for what may be called "nonlinear filamentation optics" [6] . The main features motivating this interest may be listed as: 1) High intensities over very large propagation distances; On the contrary to the behavior of Gaussian pulses, the high (∼ TW/cm 2 in condensed media) intensity peaks, that form within a filament, propagate without diffraction over many Rayleigh lengths. This drastically increases the efficiency of many nonlinear processes in a way very similar to what observed in optical fibers [18] .
2) The drastic improvement in beam quality and energy stability of newly generated frequencies [6, 19, 20] promises an increase in pulse quality, in contrast to the reduction of pulse quality usually encountered, for example, in standard (i.e. based on Gaussian beams) parametric generators.
Clearly, detailed understanding of the dynamics that controls the ultrashort pulse interactions with media is necessary to take advantage of these properties in practical applications. The present paper is a result of our efforts in this direction. We study femtosecond filamentation in condensed media (water, ethanol) in situations where a high-power pulse (pump) interacts with a relatively weak "seed" pulse. Our goal is to analyze in detail, both numerically and experimentally, the role of various nonlinear effects, namely Cross-Phase-Modulation (XPM), Four-Wave Mixing (FWM) and Stimulated Raman Scattering (SRS) that concur to modify the spatio-temporal profile of a weak seed pulse in the presence of a high intensity optical filament.
More specifically, we will show that there is a hierarchy of nonlinear processes that control the spatial and temporal reshaping of the seed and pump pulses. We identify three classes or levels of nonlinear interactions that, taken together, provide a complete and coherent picture of the two-color filamentation: the basic process is first the formation of X Waves (or, in general, conical wave) around the central frequencies of both, pump and seed pulses. Next, a more complicated process controls the evolution in case of resonance, e.g. when the detuning between pump and seed corresponds to the SRS frequency shift. Here, the resulting seed-centered X Waves are very efficiently "amplified" due to the resonant energy transfer by SRS. Finally, at the third level we encounter a whole family of FWM-type effects in which one of the incoming waves is an X Wave. The reason why all these processes occur with high efficiency is that group velocity matching occurs in a natural way at each level.
We also demonstrate that the above mentioned nonlinear interactions can produce selfcompressed pulses. Filamentation in gases is already known as generating self-compressed few-cycle pulses in constant pressure argon cells [21, 22, 23, 24] . Enhancement of the compression ratio of 8 (from 40 to 5 fs) was shown to be possible by using a variable gas density [25] . In the present two-color filamentation scheme in liquids, we demonstrate extreme compression ratios (from 1ps to ∼ 10 fs) with very good peak-background contrasts. Thus, the two-pulse filamentation presents a very promising option for generating ultrashort coherent waveforms starting from relatively long-duration pulses. This option and the potential of selfcompressed filaments to generate isolated attosecond pulses [26] provide an alternative route toward attosecond science [27] .
The rest of the paper is organized as follows: in section 2 we discuss the basic physics underlying Cross-Phase-Modulation induced spatio-temporal reshaping. Experimental details are given in section 3 while the reader is referred to the Appendix for details on the numerical methods adopted in this work. Finally section 4 treats the nonlinear processes controlling two-pulse filamentation thus extending the results of section 2 so as to include the effects of FWM and SRS. Emphasis will also be given in this last section on the formation of temporally compressed pulses.
Cross-Phase-Modulation induced spatio-temporal reshaping
Before entering into the details of this work, we briefly recall the nonlinear X Wave formation, and the role self-and cross phase modulation play in it. Together with four-wave mixing processes, these are the building blocks to understand the complete picture of the two-pulse filamentation.
The notion of group velocity matching plays the central role in the X Wave formation described below. This is a general property of conical waves that makes it possible to construct localized wavepackets centered at different frequencies that nevertheless propagate with the same group velocity. This in turn leads to long effective interaction distances between different-color pulses and consequently to high efficiency of nonlinear processes.
The non-dispersive propagation characteristics of polychromatic conical waves may be expressed analytically by requiring the longitudinal component of the wave-vector, k z , to be a linear function of the angular frequency ω, thus ensuring constant group velocity in the z direction. In a reference system centered around the pulse carrier frequency ω 0 (note that this may be either pump or seed frequency in our case), the conical wave dispersion relation may be written as
where
, and the two free parameters, β and α are corrections to the phase and group velocity, respectively. The specific shape and details of the conical wave depend on the refractive index dispersion relation n = n(ω) and on the values of β and α. Typically in optical filaments in the normal GVD regime we will observe X Waves that have one of the hyperbolic tails that pass through the input pump carrier frequency at k ⊥ = 0 so that β ∼ 0 [9, 17], while the value of α, i.e. of the axial component of the group velocity v g = 1/(k 0 − α), depends on the specific input conditions. We note that if we take β = 0 the second relation in Eq. (1) may be re-written as [8, 29] . An intense laser pulse propagating in a Kerr medium will undergo a spectral broadening due to the intensity-dependence of the refractive index. In general the nonlinear material polarization may be written as P NL ∝ χ (3) EEE, where the tensor χ (3) describes the Kerr nonlinearity and E is the electric field. In the presence of an intense pump field E P and a weaker seed field E S oscillating at frequencies ω P and ω S , respectively, the total field be-
. Substituting the total field into the relation for the nonlinear polarization and retaining only the terms that oscillate with frequency ω S we obtain P NL ∝ χ (3) (|E S | 2 + 2|E P | 2 )E S . The first term describes Self-PhaseModulation of the seed and may be neglected if the seed field is indeed weak. On the other hand the second term describes Cross-Phase-Modulation, i.e. phase modulation induced upon the weak seed wave by the intense pump wave. The material polarization wave will therefore emit an electric field that oscillates with frequency ω S : this process may thus be viewed as a three wave scattering process in which the weak input seed field is scattered by the material polarization wave. In order to evaluate how the seed is modified we consider energy and momentum conservation. We note that the pump field, and thus the material polarization wave, may be tightly localized both in space and time as is the case for example within an ultrashort laser pulse filament. A transverse spatial dimension d implies a transverse momentum spread of the order of ∆k ⊥ ∼ π/d, which in turn implies that, for a tightly localized pump pulse, transverse momentum conservation can be always satisfied [30, 31] . A similar reasoning may also be applied to the energy conservation constraint. In other words the tightly localized polarization wave may scatter a weak input seed pulse, approximated by a plane monochromatic wave with transverse wave-vector and frequency (0, ω S ), into an output wave with (k ⊥ , ω) as long as ω − ω S is smaller than the inverse of the sub-pulse duration. Therefore, only the longitudinal k z momentum conservation needs to be imposed explicitly and leads to:
where the polarization perturbation velocity is given by the pump group velocity v pol = v g,p , and K z (x, y) ≡ (xn(x)/c) 2 − y 2 is a function giving the z component of the wavevector for given frequency and transverse wavenumber. The important point here is that Eq. (2) is identical to the relation in Eq. (1) (with β = 0) and we may therefore conclude that XPM tends to reshape the input Gaussian spectrum into that of a stationary conical wave. In other words, in the normal GVD regime the input Gaussian seed is expected to develop a marked conical emission (CE) pattern induced by XPM and with an angular dispersion that will support nondispersive propagation. Furthermore, comparing Eq. (2) with Eq. (1) we observe that the XPM induced conical emission will travel at the group velocity v g,p of the source pump pulse. This may be rather surprising at first as it implies that we may arbitrarily choose the carrier frequency ω S for the seed pulse and thus the phase velocity will be determined, but the group velocity is determined solely by the pump pulse and may be very different from both the "material" group velocities v g,S = dω/dk| ω S , v g,P = dω/dk| ω P . However, this result is completely natural and understandable once we recall that only those waveforms that satisfy Eq. (2) can be generated efficiently. These processes will be illustrated in subsection 4.1. We note that Eq. (2) indicates that the seed pulse group velocity will not depend on frequency, i.e. the XPM-reshaped pulse will be stationary or, more precisely, it will be a stationary X Wave. This description of the X Wave formation naturally applies for either X-waves centered around seed and pump wavelength, and both are thus products of the same type of process.
The important point is that the source of energy for the seed/pump X Wave is essentially only the seed/pump pulse alone. Note however, that we have not said anything about the relation between pump and seed frequencies. If we choose the seed pulse frequency such that ω S − ω P matches the SRS shift, the seed X Wave formation occurs with a drastically increased rate. In fact, the pump-depletion regime can be easily achieved [18] . The modification of the whole process in the presence of SRS resonance is such that SRS transfers the energy from the pump onto the seed pulse which in turn distributes its increased energy into the seed-centered X-wave as described above. As a result, the whole process appears to exhibit strong amplification fueled by the energy of the pump. We investigate this process in subsection 4.2.
The fact that the X Wave intensity can be enhanced by SRS opens another channel for nonlinear interactions between the seed and pump. Namely the FWM process in which photons of (now sufficiently intense) an X Wave, either seed or pump centered, are mixed with the pump or seed pulse. These higher-order processes give rise to beautiful structures in the angularly resolved spectra as described in subsection 4.3. But the really important aspect is that they can be utilized to produce extremely self-compressed pulses. We discuss this in subsection 4.4.
We have verified the scenario sketched in this section both numerically and experimentally. Numerical simulations were carried out using two different codes as described in the Appendix and that actually provide virtually identical results. The agreement between theory and experiment is extremely good as well. We can thus propose a coherent, self-consistent experimentaltheoretical picture for the two-pulse filamentation in the presence of resonant energy exchange.
Experimental method
The experiments were carried out using a frequency-doubled Nd:glass amplified laser (Twinkle, Light Conversion Ltd., Vilnius, Lithuania) that delivers up to 4 mJ, 1 ps, 527 nm pulses with 10 Hz repetition rate. The laser pulses were loosely focused, by a 50 cm lens, down to a 90 µm FWHM diameter onto the input facet of 4 cm long fused silica cuvette containing pure water. Part of the energy of the pump pulse is split before focusing and used to pump a parametric amplifier (TOPAS, Light Conversion Ltd., Vilnius, Lithuania). The output of the amplifier after further frequency doubling is a 490 fs pulse, tunable in the 400-700 nm wavelength range. This pulse is used as the seed in our experiments: its energy is limited to 250 nJ and is focused onto the water cuvette with a larger 200 µm FWHM diameter. The temporal overlap between the pump and seed pulses is controlled by a variable delay line. The output from the water cuvette was collected with a f = 5 cm achromat lens. At a distance f after the lens we placed an imaging spectrometer so that at the output we recover the full (θ , λ ) spectrum [7, 28] . The spectrum is then recorded by using a CCD, either a 16 bit Andor iDus or a color Nikon D70 camera that has been modified so as to extend the visibility range from 350 nm to 1100 nm [32] .
In this work we refer to measurements of the spatio-temporal far-field, (θ , λ ). In particular our measurements show strong and clear X shaped features, i.e. k-vector angles that increase with increasing frequency shift with respect to the on-axis pump pulse. The main point that supports our further claims is that the far-field X spectra are an indication of X Wave formation in the near field. This assumption is based on a number of observations: (i) it has been pointed out that materials with either second order or Kerr nonlinearities may support stationary weakly localized solutions, i.e. X Waves and that a direct manifestation of these X Waves is indeed an X shape in the spatio-temporal far-field [11, 36] .
(ii) The far-field spectra of stationary X Waves should have X profiles that follow a well determined law (Eq. (1)) and this has indeed been verified in many cases in Kerr media [8, 28, 29] (iii) the X spectra clearly indicate the conical nature of the near-field pulse. Regarding the specific case of filamentation, this has been directly verified experimentally and numerically [15, 37]. Within the assumption of cylindrical symmetry, that is suited for the modeling of single filaments, this in turn implies the existence of a non-diffracting intensity peak in the near field. This indeed is one of the most well-known and main features of optical filaments in all transparent media [1] . These points, among others, therefore sustain the claim that the observation of X shaped spectra that have cylindrical symmetry and that may also be described by Eq. 2, do indeed justify the description of the near field intensity distribution in terms of X Waves. We note that truly stationary X Waves contain infinite energy. In other words, the X Wave formation referred to in this work is considered only over a limited propagation distance (what we may refer to as the "Bessel zone") related to the finite energy actually contained within the input pump beam. These distances are usually of the order of some centimeters in condensed media and therefore sufficient for all practical purposes.
It has also been shown that the (θ , λ ) spectrum may be used to determine the group velocity of a generic pulse [9, 7, 29]. For clarity we briefly describe the recipe we used for this purpose:
1. for each wavelength we take the angle θ for which maximum intensity is observed 2. using the material Sellmeier (or similar) relations for n(ω) we calculate k = ωn(ω)/c 3. we find the longitudinal wavevector from k z = k 1 − θ (ω) 2 4. the group velocity (along the propagation direction) may now be found from v g = (dk z /dω) −1 .
We note that the measured spectrum will always give us the external angles as the Fourier lens is surrounded by air. Therefore, when deriving the group velocity of the pulse inside the sample the angles must be rescaled, θ = θ (λ ) ∼ θ measured (λ )/n(λ ). Figure 1 shows the spectrum measured with a 2 µJ pump pulse and a weak 250 nJ seed pulse centered at 490 nm. The pump pulse has formed a filament within the water sample thus generating the clear blue and red-shifted CE tails that are visible around the central pump wavelength. The seed pulse also shows a clear blue-shifted CE tail. For comparison, the inset shows the same spectrum but with a lower 1 µJ pump pulse energy: the pulse has not formed a filament so that the pump peak intensity is much lower, and no nonlinear effects are taking place.
Nonlinear processes controlling two-pulse filamentation

XPM induced X Wave formation
Following the recipe described above (the Sellmeier relation for water is taken from Eq. (12) in Ref.
[33]) we evaluate the group velocities related to the blue-shifted CE tails originating from the pump as v g,p1 = 2.24 ± 0.005 × 10 8 m/s while the red-shifted CE tails give v g,p2 = 2.18 ± 0.006 × 10 8 m/s. The small deviation around the mean value indicates that the group velocity has no wavelength dependence, i.e. the pulse is non-dispersive as expected for a stationary X Wave. As for the seed pulse CE, this has a group velocity v g,s = 2.26 ± 0.06 × 10 8 m/s that is equal, within experimental error to v g,p1 , which may be interpreted as due to the formation of a stationary X Wave at the seed wavelength induced by XPM. We underline that this process does not necessarily require an X wave or a filament at the pump wavelength but only a very intense and tightly focused peak (although it is clear that the filament is a very practical way to achieve such conditions).
X Wave amplification through FWM and SRS
We now study the effect of tuning the seed pulse wavelength either close to the pump wavelength so as to enhance additional FWM effects through a reduction of the phase mismatch, or to the Stokes wavelength so as to enable SRS amplification. Figure 2 (a) shows an example of a spectrum measured by tuning the seed wavelength to 550 nm while input conditions for the pump are maintained as in Fig. 1 . Conical emission is clearly visible originating from the seed signal and this is accompanied by the generation of a signal around 505 nm, that also exhibits marked CE. The experimentally measured pump (λ p ), seed (λ s ) and blue-shifted signal (λ b ) on-axis wavelengths are linked by the relation 1/λ b = 2/λ p − 1/λ s so that we ascribe this process to FWM. Similar spectra were registered tuning the seed wavelength up to 570 nm. Once again, we evaluate the group velocities from the conical emission patterns: From these values we may deduce that the seed has reshaped through XPM into an X Wave that propagates with a group velocity, v g,seed equal to that of the superluminal pump pulse v g,p2 and that is in turn equal (within experimental error) to the group velocity v g,b of the blue-shifted signal generated through FWM.
Figure 2(b) shows the gain at the seed wavelength measured as the ratio of the seed peak fluence values after and before the water cell: A gain of a factor 80 is observed over a 55 nm bandwidth. Tuning the seed further away from the pump wavelength leads to a strong reduction of the gain due to phase mismatch. However, very strong 1000× amplification is registered around 635 nm that corresponds very closely to the expected Stokes wavelength in water for a pump wavelength of 527 nm wavelength [30] . Furthermore, the gain curve around 635 nm is bell-shaped with a FWHM of ∼ 200 cm −1 which is also in close agreement with the SRS gain bandwidth measured by other means [30] . In Ref. [7] it was shown that this amplification process is associated with the formation of so-called Raman X Waves, i.e. X Waves centered at the Stokes wavelength and amplified SRS. Furthermore it was highlighted how the Raman and pump X Waves had the same group velocity thus explaining the large SRS gain notwithstanding the short (τ ∼ 50 fs) pulse durations that would otherwise be expected to give rise to very short GVM walk-off lengths,
are the group velocities of the two pulses). It is now clear that the group velocity matching, necessary for efficient SRS amplification, is guaranteed through a XPM induced reshaping of the seed pulse into an X Wave. Figure 3 (a) shows the measured full spectrum (from the near UV to the near IR region) obtained with a 2.4 µJ input pump power and a 250 nJ seed pulse tuned to 637 nm.
The delay between the pump and seed pulse was optimized so as to maximize the intensity distribution in the CE tails around the Stokes wavelength. We note that by changing the delay within a ∼ 1000 fs range it was possible to excite just the blue-shifted, red-shifted or both CE tails, in the same manner as reported in Ref. [7] . Figure 3(b) shows the numerically calculated spectrum with the same input conditions used in the experiment and simulations parameters as listed in the Appendix. In comparing with Fig. 3(a) we should bear in mind that the vertical stripe that appears only in the measured spectrum at the pump wavelength (527 nm) is due to the high pump energy illuminating the spectrometer slit which forms a highly saturated image on the CCD. The seed pulse is retarded with respect to the pump pulse by a delay, as measured at the water cell input facet, of 600 fs. Changing the relative delay between the seed and pump pulses we were able to reproduce the "switching" between red and blue-shifted conical emission at the Stokes wavelength (data not shown). This switching mechanism was seen to depend on the seed pulse duration: with longer seed pulse durations no switching is observed while the shorter ∼ 500 fs duration used in the experiment and Fig. 3(b) allows the seed to have an effective overlap with either both or with only one of the two split daughter pulses within the filament while excluding the other. In other words, by changing the delay we are able to reshape and amplify the seed pulse into two split X Waves (as in the filament) or into a single X Wave with the group velocity matched to that of the trailing or leading split pump pulse (the spectra relative to this second case are shown in Ref. [7] ).
Figures 4(a) and (b) show the same spectra as in Figs. 3(a) , (b) and (c) but with a higher 3.5 µJ input pump energy, highlighting once more the excellent agreement between experiment, (a), and numerics, (b) and (c), obtained with the KO and CO codes, respectively (see the Appendix for details) and indicating a certain robustness of the Raman X wave formation which was found to occur for a wide range of input parameters and working conditions. For example Fig. 5 shows another experimental spectrum obtained in 4 cm of ethanol, an input pump energy of 3.5 µJ and a 250 nJ seed pulse tuned to 623 nm (the Stokes wavelength expected for these input conditions in ethanol [30] ). Here we underline the formation of two intense Raman X Waves, one at the Stokes wavelength and a second cascaded Raman X Wave at 760 nm which were measured to contain more than 50% and ∼ 20% of the input pump energy, respectively.
The effect of the group velocity matching may be also appreciated in the near-field axial intensity profiles shown in Fig. 6 (for the same conditions as in Fig. 3) . The profiles are shown for different propagation distances z as indicated in the graphs: the blue line indicates the full intensity profile and the red line shows the intensity profile of just the Stokes pulse. The input pulse splits at z ∼ 2.5 cm into two daughter pulses that move further apart during propagation. The underlying seed pulse splits in exactly the same fashion with each seed daughter pulse remaining "locked" to the relative pump pulse. The effect of this can be clearly seen by noting that the Stokes wavelength continues to increase in energy in a steady, uniform fashion over more than 5 walk-off lengths (last graph in Fig. 6 ).
We also performed autocorrelation measurements in the case of water (data not shown) and these indeed indicate that pump and Raman X Waves indeed have very similar durations (within 10% deviation), as expected for the X Wave formation process induced by XPM. This finding is in agreement with numerical simulations (Fig. 6) .
So our results show that the seed pulse is reshaped into an X Wave traveling at group velocity that is vastly different from the material dispersion group velocity. Although the pulse undergoes also a strong Raman amplification, robust X Wave characteristics are still maintained over the investigated propagation lengths, i.e. diffraction-free and dispersion-free propagation of the central peak. In a loose sense this is similar to the case, or a generalization of Raman solitons that maintain their main features even in the presence of Raman amplification.
Higher-order FWM processes
We now focus our attention on the off-axis features present in all our spectra around 450 nm and 800 nm wavelengths (Figs. 3, 4 and 5). If we take for example Fig. 3(a) we note relatively intense "whiskers" of light in the red-shifted 740-820 nm region and at ∼ ±0.05 rad angles. Similar "whiskers" are also visible in the blue-shifted 400-500 nm region. These features appear only in the presence of the amplified seed pulse and are thus linked to the Raman X Wave formation process. The proposed mechanism by which these "whiskers" are created is a phase matched FWM process with participation of an X Wave. We have shown that the pump and and Raman X Wave propagate with the same group velocity and overlap. This results in a beat between them which in turn serves as a "grating" that scatters the pump. Thus, two pump photons minus one X Wave photon give rise to a photon detected in the spectrum (see Fig.  7 ). Expressing the energy and momentum conservation for this FWM process, and eliminating the frequency and transverse wavenumber of the X Wave using its known dispersion relation, Eq. (2), we can obtain the following implicit equation for the loci of the whiskers in the ω, k ⊥ space:
where K z (x, y) ≡ (xn(x)/c) 2 − y 2 is the z-component of the plane-wave's wavevector, and v represents the group velocity of one of the split-off pulses. Naturally, the same equation with exchanged role of pump and Stokes waves, ω 0 ↔ ω S , describes a similar process in which the pump X Wave creates a beat with the Stokes wave to scatter another Stokes wave:
Since there are two daughter pulses after splitting, we have two possible values for v g , namely v g,1 and v g,2 , in each equation. Thus, we have altogether four loci around which these processes concentrate the energy in the angularly resolved spectrum. The portion of the corresponding locus that actually gets "populated" will depend on the spectral width of the pump and Stokes pulses and will correspond to the pump and Raman X Wave spectral regions that have the highest intensity. Comparison in Fig. 3 of the loci determined by Eqs. (3) and (4) with the measured and simulated spectra confirms that these FWM processes are indeed responsible for the "whiskers". The solid lines in Fig. 3 good. A further notable feature is that a single parameter is used to precisely fit simultaneously a multitude of features covering more than 400 nm bandwidth. Even small deviations of the group velocity will lead to relatively large deviations in the fit in this broad spectral range. Once the group velocity parameter has been optimized any further deviations between experiment and numerics may be ascribed to inaccuracies in the n = n(λ ) relation used in Eqs. (3) and (4) . In particular we found the often used Eq. (12) from Ref.
[33] to be slightly imprecise and found an overall better fit across the whole bandwidth using tabulated values as described in Ref.
[39].
Wavepackets generated in FWM processes and self-compression
The understanding of the XPM induced and SRS enhanced spatio-temporal reshaping let us foresee possible applications to the production of intense visible or infrared few-cycle pulses, which constitutes the first step in the generation of intense, coherent, extreme ultraviolet sources. These sources are in turn needed to probe or trigger electron dynamics and study quantum processes in the interaction of electrons with light [40] . With a single pulse, self- compression by filamentation in gases relies on the spatiotemporal reshaping of the pulse induced by the electron plasma in the filament [22, 24] and constitutes an alternative compression technique to that of the hollow core fiber [41] . These self-compressed filaments have great potential in the generation of isolated attosecond pulses [26, 42] . With two pulse filamentation, the role of XPM effects in the self-compression process occurring in filaments was emphasized in experiments and simulations of the concatenation of two cross-polarized filaments [43] . The present results, however, allows us to propose a self-compression scheme leading to few cycle pulses with unprecedented compression ratios and an excellent temporal contrast. In Fig. 8(a) we show the numerical near field (NF) profile of the spectrum in Fig. 4(b) . In particular, we are interested in the features outlined by the dashed and dotted black lines. These features disappear when the seed is removed and are thus associated the Raman X Wave formation process. In order to investigate the origin of these weak tails we numerically performed the Fourier transform of a selected portion of the spectrum so as to obtain its near-field distribution. To this end we numerically put to zero the spectrum intensity outside the region |0.6 − 1.1| rads, 700−900 nm for the red-shifted whiskers and |0.2−0.8| rads, 400−500 nm for the blue-shifted whiskers. We thus found that indeed the near-field features are associated to the "whiskers" in the spectrum. In particular Fig. 8(b) shows that we are able to very cleanly isolate the leading NF tails [dashed line in Fig. 8(a) ] by keeping only the red-shifted "whiskers" (as shown in the inset) while the trailing tails [dotted line in Fig. 8(a) ] correspond to the blue-shifted "whiskers". The fifteen plotted decades in Fig. 8 indicate that the filtered part exhibits a potentially excellent compression ratio and temporal contrast. In Fig. 9 we consider just the on-axis (r = 0) intensity profiles: Fig. 9(a) shows the unfiltered on-axis intensity [from Fig. 8(a) ] while (b) and (c) show the on-axis intensity profiles of the red-shifted and blue-shifted "whiskers", respectively. As can be seen, these form isolated intensity peaks with ∼ 15 fs and ∼ 8 fs FWHM durations with very limited pre-or post-pulse oscillations and ∼ 40 GW/cm 2 (corresponding to energies of 2 and 20 nJ, respectively). Such pulses could be experimentally isolated by placing an annular shaped aperture in the spatial far-field of the wave-packet. Due to the enhancement by SRS, this pulse compression scenario based on a high order FWM process occuring in a two color filament leads to a compression factor of more than 100 (from 1 ps to 8 fs), i.e. a factor of 10 better than previously achieved by XPM effects in concatenated cross polarized filaments at the same wavelength [43] . The good contrast indicated in the simulations gives good hopes regarding a possible amplification of few cycle pulses generated by this method. Alternatively, an increase of the energy in the few-cycle structure could be achieved by working in a gas with suitable Raman parameters such as Deuterium where the same processes are expected to occur without being limited by the length of the interaction medium.
Conclusion
In conclusion we have shown how under conditions of extreme spatio-temporal focusing a laser pulse may reach intensities high enough to induce strong XPM effects on a much weaker seed pulse. XPM will thus induce conical emission on the seed pulse that may be interpreted as a spontaneous transformation of the seed pulse into a stationary X Wave. This finding provides an interpretation and model for those nonlinear interactions such as FWM, third harmonic generation or SRS that may occur within filaments in both condensed and gaseous media. In particular we focused attention on the case of large material gain, i.e. SRS, such that the XPM-induced seed X Wave is efficiently amplified. The large conversion efficiencies may be explained as a result of the group velocity matching between the pump and Raman X Waves. This is a unique feature of conical pulses: if the interacting pulses were Gaussian then the group velocities would be determined by the carrier wavelengths (and material dispersion at these wavelengths) and the GVM would severely limit SRS. On the other hand X Waves sustain a central intensity spike that may travel at any given group velocity and thus effectively cancel any GVM. This finding may in principle be extended also to gaseous media: filamentation in gases leads to the formation of 10-100 TW/cm 2 intensity peaks so that, although the Raman gain is typically an order of magnitude smaller than in water, Raman X formation should maintain the same efficiency as that demonstrated in this work.
The (θ , λ ) spectra also reveal the presence of FWM between the pump and Raman X Wave conical tails that leads to formation of spectrally extended "whisker" features. By isolating these features it is possible to generate ultra-short, clean ∼ 8 − 15 fs pulses with pump pulse durations of 1 ps and possibly longer. Such pulses could be used for example for further amplification through Chirped Pulse Optical Parametric Amplification ([44, 45] ) and generation of TW power pulses. Use of such seed pulses would imply the notable advantage of a single laser providing both high quality seed and pump pulses and thus eliminating the requirement to synchronize different laser sources.
Appendix: Numerical method
Numerical simulations were carried out using two independent codes, hereafter described as the KO-code and the CO-code.
The KO-code was written by M. Kolesik and is based on an Unidirectional Pulse Propagation Equation, the derivation of which is presented in [35, 34] . It describes the upward propagation of the spectral transverse components of the electric field E ω,k ⊥ ,z :
where k z = k 2 (ω) − k 2 ⊥ . The first term on the r.h.s. of Eq. (5) describes diffraction and dispersion via a tabulated dispersion relation k(ω). Nonlinear terms are described via the polarization P ω,k ⊥ ,z and current J ω,k ⊥ ,z . The main advantages of this formulation is that it fully accounts for nonparaxiality and captures the chromatic dispersion of the medium over an arbitrary wide frequency range.
The CO-code was written by A. Couairon and solves the nonlinear equation for the envelope E ω,r,z = F (E t,r,z ), where F denotes Fourier transform and the laser field with central frequency ω 0 reads as E t,r,z = E t,r,z exp(−iω 0 t + ik 0 z). The derivation of the envelope equation used in the CO-code from the wave equation in nonlinear media is recalled in Refs [1, 15] . 
where K g = k 0 + k 0 (ω − ω 0 ). The first two terms on the r.h.s. of Eq. (6) account for diffraction in the transverse plane and dispersion described via the Sellmeier relation k(ω) given by Eq. (12) in Ref.
[33], which defines the wavenumber k 0 ≡ k(ω 0 ), the group velocity 1/k 0 ≡ 1/(∂ k/∂ ω)| ω 0 and the refraction index n 0 = k 0 c/ω 0 . The main advantage of this formulation is that the carrier frequency does not need to be resolved, allowing a fast numerical calculation. In spite of this, Eq. (6) describes pulse propagation beyond the approximation of slowly varying temporal envelope, which is retrieved for ω = ω 0 in K g and Eq. (6). Compared to Eq. (5), only two approximations are made: the paraxial approximation and a slightly different chromatic dispersion in the description of the nonlinear terms. Since the frequency variable in the CO-code is ω − ω 0 , all explicit dependencies on ω in Eq. (6) are replaced by a function of ω 0 + (ω − ω 0 ).
